
Introduction Methods Results Conclusion

The weighted Kendall and high-order kernels
for permutations

Yunlong Jiao Jean-Philippe Vert
University of Oxford MINES ParisTech

ICML @ Stockholm, 11 July 2018

1 / 14



Introduction Methods Results Conclusion

Ranking data is everywhere
I Rank data, e.g., preference survey:

I Ranking extracted from data, e.g., gene expression:

Figure: “If the expression of two genes SPTAN1 ≥ CD33, then ALL; otherwise
AML” gives accuracy of 93.80% [Tan et al., 2005].
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Mathematical difficulty

I A (total) ranking is a permutation

σ : [1,n]→ [1,n]

such that σ(i) = rank of item i.
I Sn the symmetric group with

composition

(σ1σ2)(i) = σ1(σ2(i))

with cardinality |Sn| = n!.
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The Kendall embedding

I The Kendall embedding is an n2-dimensional Euclidean
embedding:

Φτ : Sn → Rn×n ; (Φτ (σ))i,j =

{
1 if σ(i) < σ(j) ,
0 otherwise.
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The Kendall embedding

I Quantities using Kendall embedding [Jiao and Vert, 2015]:

Kendall’s τ correlation: Kτ (σ, σ′) ∝ 〈Φτ (σ),Φτ (σ′)〉

Kendall’s τ distance: dτ (σ, σ′) ∝ ‖Φτ (σ)− Φτ (σ′)‖2

Mallows distribution: P(σ) ∝ exp
{
−λ‖Φτ (σ)− Φτ (π)‖2}

for mode π ∈ Sn and dispersion λ > 0

(Nonlinear) predictive model: h(σ) = 〈B,Φτ (σ)〉
for coefficients B ∈ Rn×n

〈·, ·〉 and ‖ · ‖ denote the Frobenius inner product and norm. 5 / 14
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The Kendall kernel

I Quantities using Kendall embedding [Jiao and Vert, 2015]:

Kendall kernel: Kτ (σ, σ′) ∝ 〈Φτ (σ),Φτ (σ′)〉

Kendall’s τ distance: dτ (σ, σ′) ∝ ‖Φτ (σ)− Φτ (σ′)‖2

Mallows distribution: P(σ) ∝ exp
{
−λ‖Φτ (σ)− Φτ (π)‖2}

for mode π ∈ Sn and dispersion λ > 0

Kernel machine (Classification, h(σ) =
∑N

i=1 αiKτ (σ, σi)

regression, clustering, etc.): for coefficients α ∈ RN (“kernel trick”)

〈·, ·〉 and ‖ · ‖ denote the Frobenius inner product and norm. 6 / 14
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The weighted Kendall embedding

I The weighted Kendall embedding is:

ΦU : Sn → Rn×n ;
(

ΦU(σ)
)

i,j
=

{
Uσ(i),σ(j) if σ(i) < σ(j) ,
0 otherwise,

where U ∈ Rn×n is a weight matrix such as
– Top-k Ui,j = 1 iff i, j ≤ k, for rank threshold k.
– Additive Ui,j = ui + uj, for rank discounts u ∈ Rn.
– Multiplicative Ui,j = uiuj, for rank discounts u ∈ Rn.
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The weighted Kendall kernel

I The weighted Kendall kernel:

KU(σ, σ′) ∝
〈

ΦU(σ),ΦU(σ′)
〉

is a weighted Kendall’s τ correlation, which is:
X Symmetric.
X Invariant to shuffling of the index i.
X Fast to compute in O(n log n) time.
X Positive definite, enabling to use all kernel machines

(classification, regression, clustering, etc.)
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Learning the weights

I In general, the weighted embedding and kernel are:

ΦU : Sn → Rn×n ;
(

ΦU(σ)
)

i,j
= Uσ(i),σ(j) ,

GU(σ, σ′) ∝
〈

ΦU(σ),ΦU(σ′)
〉
.

I The weight matrix U ∈ Rn×n can be learned jointly with
the coefficients of a kernel machine, by solving a
non-convex optimization via:

– Alternative optimization between weights and coefficients.
– Low-rank approximation [Le Morvan and Vert, 2017].
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Going beyond item pairs

I The order-3 (or higher) weighted embedding and kernel
are:

ΦU : Sn → Rn×n×n ;
(
ΦU (σ)

)
i,j,k = Uσ(i),σ(j),σ(k) ,

GU (σ, σ′) ∝
〈
ΦU (σ),ΦU (σ′)

〉
.

I The weight tensor U ∈ Rn×n×n can also be learned in a
data-driven way, similarly to the order-2 case.
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Real-data experiments: Prediction accuracy
I Eurobarometer survey data [Christensen, 2010]:

– >12k participants ranked the importance of 6 sources of
information

– Binary classification problem: predict age group (>40yo vs
<40yo) from ranking
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Real-data experiments: Weights learned
I Eurobarometer survey data [Christensen, 2010]:

– >12k participants ranked the importance of 6 sources of
information

– Binary classification problem: predict age group (>40yo vs
<40yo) from ranking
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Conclusion
I We have studied

X Euclidean embeddings and positive definite kernels
for permutations, which are
X weighted and high-order extensions

to Kendall’s τ correlation, where
X weights can be learned systematically in a data-driven way.
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